In a tight binding model of charged spin-1 2 electrons on a square lattice, a fully polarized ferromagnetic spin configuration generates an apparent U (1) flux given by 2π times the skyrmion charge density of the ferromagnetic order parameter. We show here that for an antiferromagnet, there are two "fictitious" magnetic fields, one staggered and one unstaggered. The staggered topological flux per unit cell can be varied between −π ≤ Φ ≤ π with a negligible change in the value of the effective nearest neighbor coupling constant whereas the magnitude of the unstaggered flux is strongly coupled to the magnitude of the effective coupling.
fully polarized ferromagnetic spin configuration generates an apparent U (1) flux given by 2π times the skyrmion charge density of the ferromagnetic order parameter. We show here that for an antiferromagnet, there are two "fic- For definiteness, we consider the t-J model on a square lattice. This model is described by the Hamiltonian
where the summation runs over nearest neighbor pairs ij and S i = c † iα σ αβ c iβ and σ denotes the vector of Pauli matrices.
The t − J model is the simplest model that clearly represents the competition between the electronic kinetic energy and antiferromagnetism that we are exploring. Hopping of electrons via the first term to nearest neighbor sites can occur in an antiferromagnet through two mechanisms. An electron can hop to nearest neighbor which is occupied by an opposite spin and thereby create a doubly occupied intermediate state.
Or an electron can hop to an empty neighbor site. In our investigation, we are interested in electron hopping that does not exploit doubly occupied sites and therefore the t − J model in which all states containing doubly occupied sites have been implicitly excluded from the Hilbert space is the ideal model to study.
Nearest neighbor hopping may in principle be suffient to represent the physics of the t − J model but since the hopping between antiferromagnetically aligned sites is severely suppressed, a second neighbor hopping may become comparatively important. We choose to incorporate this explicitly in the present model even though a more sophisticated calculation could in principle generate such a term effectively to higher orders in the interaction.
Our t − J model includes both an antiferromagnetic term and the term −1/4n i n j . The latter term is commonly used in the literature on the t − J model since it leads to a partic-ularly simple form for the effective antiferromagnetic interaction in mean field theory. We have explored changing the prefactor of this term but it does not substantially change our results. Since (n i ) 2 = n i for zero or single occupancy, an interaction of the form (n i − n j ) 
where
The specification of Ω i fixes U Ω i only up to an overall rotation about the new local z-axis. 
We then find the following Hamiltonian in the new spin coordinate system
where we have introduced
Until this point, the discussion has been completely general. In order to make further progress, we neglect spin fluctuations and make the restriction that a site is occupied by at most one spin and that the electron which occupies site i has its spin pointing along the local positive z-axis, Ω i . This contraint reduces Eq. (5) to
with To understand more precisely which portions of the effective hopping τ ij are U(1) gauge invariant, we look at a particular plaquette of the lattice, consisting of points labelled counterclockwise as r 0 , r 1 , r 2 , and r 3 and with associated spin pointing in the Ω i directions. The flux through the plaquette is given by
Topological arguments show that
, half the solid angle enclosed by the shortest path on the sphere connecting the vectors { Ω i }, i.e. the flux corresponding to the plaquette is equal to 2π times the skyrmion charge represented by the plaquette.
Generalizing a result of Wilczek and Zee 4 who computed the imaginary part of the formula below one may show that for a plaquette consisting of exactly three sites
Assuming smooth fields θ(r) and φ(r) one finds in the continuum limit that the fictitious flux corresponds to a Berry gauge field
which is the vector potential due to a magnetic monopole of strength − 1 2 . The local U (1) degree of freedom, represented by the G's, corresponds to a gauge transformation of the topological vector potential A µ .
The case of the ferromagnet
Let us now consider consider the plaquette ( Ω 0 , Ω 1 , Ω 2 , Ω 3 ) in spin space, drawn as in 
where τ nn is the effective nearest-neighbor hopping amplitude. We note that Φ is given by
The case of antiferromagnetic order
Let us now consider the analogous calculations for a spin configuration which is close to antiferromagnetic. Let us denote the local antiferromagnetic spin as Ω i as before. Denote by
Noting that in the case of a spherical parallelogram, great circles which connect the four sides of { Ω i } intersect in the points { Ω i }, we find that the
connecting the antiferromagnetic spins has the geometry sketched in Fig. 2 . Fig. 3 shows another illustration of the path taken in spin space when going around a plaquette in an antiferromagnetic background. By using Eq. ( 4) the angles α have become exterior rather than interior angles in the path. This gives us the relations
where in this case cos θ = − Ω i · Ω i+1 . By extending the same argument to the adjacent cell, we reproduce the arguments, however all paths are traversed in the opposite sense and the flux becomes negative compared to the first cell . The flux is therefore staggered, with a ± sign depending on the sign of the sublattice associated with the plaquette.
In contrast to the case of the ferromagnet, we find that we can change the effective staggered flux for the electron gas, Eq. (6), from −π to π without affecting the magnitude of the local values of the effective nearest neighbor coupling constants. In fact, for the most symmetric case α = β, we find that an antiferromagnetic skyrmion generates an effective staggered flux of exactly π per plaquette. Due to the curvature of the sphere, such a texture cannot in general be extended to the plane.
Next-nearest neighbor hopping
When we include second neighbor hopping, the situation becomes much more complicated for the antiferromagnet. Each square plaquette has four gauge invariant fluxes, corresponding to each triangle defined by the removal of one vertex from the four corners of the square. When the spins are aligned close to ferromagnetically, the shortest path in spin space connecting the two diagonal spins lies wholly within the region defined by the corner spins. Hence the flux through each triangular subplaquette is very closely proportional to the area of each subtriangle in real space, and the sum of flux through a pair of subtriangles that cover the square is precisely equal to the flux through the entire plaquette. As a consequence, the effective phase of each of the interactions is extremely well approximated by spreading a constant effective magnetic field corresponding to the local skyrmion density throughout the entire real space plaquette and assigning the effective phase on the links by a conventional choice of gauge 5 .
In the case of a configuration close to antiferromagnetic, the four subtriangles cover the entire sphere in spin space [see Fig. 3 ]. Taking into account the orientation of each of the bounding paths, we find the following relation between the flux through each of the triangles for both the ferromagnet and antiferromagnet:
where n = 0 for the ferromagnet and n = ±1 for the antiferromagnet. Note in particular that Eq. ( 11) is valid in general, i.e. it does not rely on the assumption of a spherical parallelogram. It is also easy to see that it is valid in the presence of an external electromagnetic flux. If we assume a spherical parallelogram we can also
Φ. It therefore follows that
Φ + nπ. Hence, for the antiferromagnet, links connecting sites within the same sublattice pick up a phase π if they belong to sublattice A, and zero if they belong to sublattice B, or vice versa.
According to the discussion above, there will be two choices for associating phase-factors to links within the sublattices. A spin-flip transformation Ω i −→ − Ω i maps one phase into the other. In Fig. 4 is drawn a 3 × 3 Along the diagonals, the phase of the coupling constant is:
The local gauge choice does not take account of the curvature of the spin space and in general, the sphere cannot be covered with parallelograms so the local choice of gauge cannot be extended to the whole sphere. Nevertheless, in the limit θ → 0 the above formula is expected to be valid.
6
There is however one intriguing choice for θ where it is possible to cover the sphere by parallelograms, namely cos θ = −1/3. In this case, the spins reside on the vertices of a regular tetrahedron, and it is also possible to extend this mapping exactly over a square lattice. Considering that going around a plaquette in the real space lattice, corresponds to encircling two of the faces of the tetrahedron, it is obvious that this loop will cover half of the spin-sphere and hence the "tetrahedral phase" generates a staggered flux ±π.
Putting all this together, we find that given original nearest (t nn ) and next nearest neighbor hopping (t nnn ), the effective coupling constants for the remaining fermionic degrees of freedom are determined by the two free parameters θ and Φ which control the unstaggered and staggered fluxes, respectively. In the general case with an external electromagnetic flux we have 2 + 1 physical degrees of freedom per plaquette. This results in three independent fluxes per square, the only restriction being given by Eq. (11). Using standard formulas from spherical geometry, we find that with a suitable choice of gauge, the effective nearest and next nearest neighbor couplings are given by:
CONCLUSION
The main conclusion from this paper is that in contrast to the ferromagnet, antiferromagnet spin textures naturally generate a staggered flux 7 on the basic nearest neighbor plaquettes. However, in contrast to case of the ferromagnet, the amount of flux per plaquette is weakly related to the magnitude of the effective nearest neighbor coupling. Incorporating second neigbor interactions reveals the existence of an additional independent effective U(1) fictitious flux on plaquettes of second neighbor sites. Since the first neighbor coupling is severely suppressed in a Neel antiferromagnet, it is quite possible that the effective second neighbor interactions could be important; in the limit of weakly coupled effective nearest neigbhor and strongly coupled second neighbor textures such as appear in the two layer quantum hall problem could be favored. 8 However, even in this case the magnetic field energy generated by staggered orbital currents could suppress these textures.
9
Using Eq. 13 we 10 have numerically calculated energies of various uniform spin textures in the Hartree-Fock approximation and for nonuniform stripe textures in the Hartree approximation, with goal of understanding if noncoplanar spin textures which generates fictitious staggered flux have lower energy than the coplanar "spiral" phases studied previously by a number of authors. 3, 11, 12 Preliminary results are consistent with those that have been obtained previously by more elaborate means; spiral phases appear to have the lowest energy for the uniform phases but are thermodynamically unstable against phase separation and unstable to stripe formation. The noncoplanar phases all have staggered ficticious rather than the unstaggered flux which is known to lower the kinetic energy in an electron gas and there does not appear to be any clear association between topolgical charge and doping, at least in a tight binding model dominated by nearest neighbor interactions.
13
A general feature of all the thermodynamically favored noncoplanar phases are that they have fictitious uniform staggered flux π per square. Since there is no distinction between staggered and unstaggered flux when the flux per square is exactly π, the thermodynamics favors either a pure undoped antiferromagnetic region where the effective nearest neighbor hopping is essentially zero, or a heavily doped striped region where the density is nears 1/2.
When second neigbhor hopping is introduced in this Hartree-Fock calculation, the results are largely unchanged for relative small values of second hopping, although the striped region does tend to widen from the very narrow stripes found for pure nearest neighbor terms. 
